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'. 1TPOLUCTLA

ItA l~a i! be an -nxn watriye of real:~b~r.. Tý)e tr'avolI 1ig

juaa proble.m at~kb for an acyr1lic ix~rmut.dtioji (Al I . o hc~;

1, 2, n. sai- ýiei :Lt thý, sura

iz a minimuim~. If a ii ajý for ia~l 1 ;.and J, this prrb-em i u~ ai~ d,1t be g~,-

inetr~r.- othe-iwlse. It Is rion.avmietrirý. In ca~ tA10 distances a atC 2Olu

pustecd betwýýFri points jin thR ISueidezan p~ati~ t~he p,,oIlAenais to Ou.-lldean.. itji,

clidean prob.em is, of ýours(;A syxnntriv,

In the nonavnnetr1L .as the solu-.anr in~volves fjucidin,6 ono out or

ri i1)' posdbla pvrmutat.i'nn,- and in thtz ý:nn~~'as it~ n~fv fi~nding

*:ýre .oul of (ni 1.ý possibJ. @ pitrmuAtat:iLons Hallv. e "OinpiettCe Sr;urrerZxr ion and

:ývatuatlcvi ýf all thiý possibla permutation.7 prciiioe.,i a tbhsoretilcally 3adti~-

±7a,ýory soli.l'ion to t-he problem,,~ What .is %0.u,,Jy des~fred. wwi-var. i,3 a r~oa-~

putational~y pzra- ij.a. methodI of' finding, thiEý cqptiwjv.. ýIv.(n raetiods tk"-t find

.JoJ permutatlonr, would te of' prac-tic-al 1nterest as appro~cimate solutions.

"A'he narao "tx'avALLng, saliesman"' is appuiizabJl when one xintirprats the sum

(1) ýý tht, total Oistar;c:c t~~at must be' travelle'd by a saiosinan who must Y.vist

-->ach of ri 1-1ig±,3 exacAly aone before r~tixr7-ang home, The "a~y'iJAC rf -4irexnent

prei.vrnt3a solut~on involv'n- several diseonnoýt~ed loopo. The~ travol]Ang

salesman lint~rpretvitlor usually restsu tIn a symmfatri:- problem,. Howewve~r. if

we th~ik of a school bou-. t.~at has a jivon number of *,,ornsrs at. whia:1 to stop

to pl,.!k up cnildren in a city which has a 3ubst-antlial~ numbeor of one way Streets,

a nonsymmet~ritn problem resullts, sincto the distan-fe from a t-o b may well be

different fro.m the distance' rrorn b to a.. S3till ano&Aer rionaywietr.'! 31terprej tation Is that of a mnachine tool that perfaruia a iA is set of' Jobs ropat.i kivetly.



The diatan•:s from job a to job b is the setup nost, wh (;h ean be different

from the setup cost go.xng f-om job b to job a.. For instance, In a paint

mixer, It Is easy to go from ra lighý to a darker .'olor, but dif.fi-ut to go

in the revarst direution There are numerous other pravtlaal interpreta-

Lions of th•s jeemIngly frivolous probfem.,

In thio paper we sha•. discuss a methol, suitable for ele.tronic ciom-

puteriz that. hw proved capable of quickly obtaining solutions for problems

having about WO cities or lass In symmetric and some nonsymmetric problems,,

In principle the method can be used for any size problem. Although the code

dosýs not guarantee finding the optimum tour, it can be used over and over

several times and in various ways to get a probabilisti. idea of how good

the best answer found is rslative to ths set of observed answers. Also the

che-.kirng procedure off Lant.ig, Fulkerion, and Johnson L2) can be appIed tr,

oheek on the optizmlty of the observed result.

We call t.he method a heuristic one because (a) the code for it =ontaina

probabl-isti4 elements ao f.hat its performance varies each time it is run;

(b) in certain .•ases It can be proved that it has positive probability of

producing the optimum answer. aid our experience leads us to believe that

it will always do so; and f-) as the result of initial calculations partial

answerb and sub-problems are obtained so that later calculations depend upon

the results of early ',alcu:ations, i.e.., the process is one of "learning from

exRriErl-,e .'J 1everthe less, the code is an algorithm in the sense that it

terminates aftar a finite number of steps and has been run on an electonic

computer. This application is an example of artificial intelligence, that is$

the use of a ;omputer to solve problems, the solution of which by human beings

would be regarded as intelligent acts, Humans are not good at solving trav-

olling salesman problems because of limited arithmetic abilities. Hence our



1:cr Or- c' aot hti.tt b havtor c.4 lem'an- and )s ri ot, 1e.W urist in ma

A go.) ýwxý ar~y of *.he, hý .tory of. the proo1lxn lp la )res ito ir,

~ ri )crr~Jit ý; f t.h-, pr,)Ou1 au r.-I onmct -omfput ati ic~a) O'xpxriono haý

-i~n g~i jrie.d wl . h I nern . Th~ largest prorblem~ violved so A'&? ixA t~he .1U-terature

Is ti4 42 c iprobJt-r-&oicf Lcarmzig Ywh~k'~rson -and4 Jihn~ox L 2]. uitr aAlgori tko

ali~o salv..d the~ same ~412 cily poP~rnUE' in 4 5' 101Inutte2 on a Beadix G-~2u A~cza,-

k murn!b zaore- rlfil.ult problkem irivoAVina 57 eItl'-A was solved 'n

mj~nule., Utfe~r 6xperl~ncz w~~rb thetsoe andJ smallir probldaM in~ reported on

LQrin ýb Papor,

£Stction 2 we, cescrlb-- th.: eiimp'Vý 1,dea V teafr forx -.he balý s4tap in

pr~' ogrd1rk 1Tta uii.kaI zode Wiqi-ah diot- oov. uv bUlj.'' in Ish~g~

Ql.sa in ý;cticmo 3, The' fir&O ocle' togi-ther witit its~ larrii~ng apeet is

In ttut .ýoj!raAa txcavehitr~g saame'rni) ))"Qb. m It !an be proved tbat an

cdp,1ij-1a1 tomrj ,*i. flCviLY' crs-r It,,3jf TUpý. fotio.i3 from the I~uciedean

tercoa~vir ti~lt thtii U14M 'if twci 4ofA ýt L'tigiIf !,, greate than 'Ih*a third

S A dcý Hwt-vt-- whýýn I LA- on a map 'kre u~ea the cu~rvature' of t~ht eurth4

th-~ti~kL~of 'lo-olotaims havIng, paaoes andt tunfioi&. andl thle existezwae of

iagatt, ocodrit.. waid othor na~ura-` Wixroru, neeate the abov.a ±ucliue~an rasu".L2J,

AJ* c,.urse'.. nohn like. t ne'ed be true fror nonsymzaetri- problems.ý In any'

if 4 rý optinuw., touAr Qaxi be 1"Ound by any moians, It wflli have the desired

pr~c)*rtoi'q w~thoul spec¶fically stating rostrietimns norode'd to in~,ware g~etting



For this reason, the only spectfr rvo~ ri.•1tion on th6 permutations we

,on.strut is thit they be acytDc We nave devised an lnduwtlvv method for

• 'an,,ru$eg & i'y¢c permutationb, thet method .s desy-ribea in the followJný

5*rIes of ;tops-

Chooje any two citaes and list them arbitrarily to form an acydV.

permuwtat'on f JI i ) of length two.

2, Assume that a permutation U., 12 .. ) of k cities,, where

2 !ý k < n has been conatructtd.. Choose one of the rmaining cities, call It

city h, For J running from 1 to n compute the quantities

d1 E% h ~hA& a1 9

where w( define I n,1 to be i w when J n,

3, Let ,j ba any value of j au.h that dj* Is a minimum of the quantfitlet-

*omputed In 2

4,, Reabel i j as Ij for j j n and Iabel h as f3*

5. k• thug have i:onstructed a permutation (Al 1  ) of k*l cities,

If kl - n stop4, otherwise replate k by k a and return to step 2,

Briefly, the method -)onsistts of starting with any pair of cities as a

permutation of length 2, then Inseri Ing a third city in suvh a way as to mini-

m.Ize the length of the resulting tour on three c~ties; then inserting a fourth

city in su,.h a way as tuo imIn~me the resulting tour on four zities, etc,

This is our heuristic rule for ion=tructing acyclic permutations.

The tour resultIng from this atyrlic permutation may or may not be the

or.,t one,. In fatt., there are a whole set of possible tours of various

eengths that can be so generated, depending upon the order in which new cities

are introduced In Section 6 we present a proof of the fact that, in the

Eucý. dean .asei, there always exists an order in which to inttoduce the citie.s



ýc lo ip., th,) atloviý heuri ~iti- r 'g il: prodit "~ the optMbu& .t~ur.. We have nearj.y

0!%,~ In~ &"ttýn ,4hu we 1,elleve to be the uptlm~a) t~or even Jr,

t~ ~ ~ ~~~~n ~ic.~I*~! ~dZ xi ~o '.-i omjdrtsxre t~hat the same r~usta3 holds fo.r"

hem I4ow~owtsr ýit di. not Ivvý a proo'f of the fact a~t the prelsent timqt,

'i'hý f~iveý c~y prvblt.xm of Fjrure .i will help .411;atrate the Method as wo"I

,,j I todf 1ýtl Hper t~he. optliau, toix is 12345, whiý'h has ulength. 14,

Thc- orL)y (.tbfsr ,ou~r ,=s~tructed by oLur a~garlthu Is 1~2453, whj'Ai has 3I.ength 152.

22

~2621

140

Wei rsx. 25i ;'th of' the aigar~tm. mor,, fu~lly doeri~zbed in Section 3~using

ranlm orel;.3 fY<~'11crt ot.?oc1Lacig nitw -2 tdea, and found that, 15 of them resul1ted1

I~n the~ oplia tx-nta-iu.. whilp- I ho- other -,0 produced Lhe* subnpt!ý"aT tour. Thus,

fo thla prob~m, thtru 1,s mmp~rV~ma provakilt~y of 6 of finding the optl--

mun toiwd 'by ¶ r~an*joz prz'.L~e~dw't

Nt r-.-ul oft the ýOlgorlt hm of the previons seecdon depends on the order

Ijx- wrj-' n-. ýýI j art )- iIvduoi in atep 2. So that final results were not



b-a w We f1r~t ý.rranged the itfties In a random order %iat and se&er.Ited

(itAU-j )'rorrk ihis list, when neoded for atep 2, Wo did this a number of -

ArdnIni -a-:4 iour and J.• distance earb 41meo W*e 4t the frrsIl algorili.,,

-od%ý. Tor in3tani~e•, in the 10.-elty problem stwudied by L. L. dara,•he-t Ctl

whor•• a -its given In iZxhiblt J and whost optimal tour is glven in AhibiW 3A

the distra;zution of .,,ompletion times it given in Figure 2.- Note that the

expirJipa probability of getting the optamum tour (whose length is 378 mVLes)

iv 16. Note also that the distribution is multi-modal and has gape.,

SomE, other exper-,mental results are displayed in Figure 3.

No. of Cities S 10 33 42

ESmpirical Prob, of

getting optimum '60 .16 OT •s45
with Code 1.

Figure 3

The probabiU'y rstimat3s for tht 5, 10, )3, and 57 were based on rans of 1X'

t-arh and. •hAL of the 42 ci y problem on a run of 225. The shortvst schedule

'-'bserved In tno 57 '.,.ty rase was 331 mJies Tonger than what we believe to be

theý opt¶mumýt 1v did tiot f"e! that the empirit-al probability of getting the

best answer ia th, 5? city 4ase was high enough to oant.inue oomputations with

Cod4 I unt•l one was observed. The time to !onstruct one tour In the 57 city

e,-asc wav abz-ut .CO seonds. and the time for the other problems prcpor••ionately

From the experience we obtained., part-.ýcularlv on the 33 and 42 aity prob-

irmt. "w,, found that the shortit tours so producedA tended to agree pretty well

tround 1.he periphery of the tour where it tended to be convex, but did not

dgree at all weli in the •'•anter" of the problem where the optimal tour waa

ntcesar~ily quite non convox, Hence, we, built into Code I the added
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(., -t.; -i -ý

,z2O.,-V a we. lfa'tcr#,dl t'wt tu ýi% probleiti intr an 1y

S;I '~ Ic't'ual; " ui ;n p-vKA-b,&J1Ly N'~ or grcrat,-r I~r

fh. r f '~t cbi~r'vitin -,f e '' .Pý e a~-Et, ýr Tb-s at; wi*

CIA -XIt J n i. jW Wt-"l N- rt.4~ ul of ý-b zxjn th or-f-

am I* ri pi*,y' e ý an bf ~onslidro at a r

th~c r -yjq~ t~~. "~i~ttji. Ueirf ta the fixrther reqlremirv' ~tarat Iýý*



t 1,r4,e . 'u ~r r t e,'ci n, e I rA nL ~t-5on in t hy so luti on to the f Arat 3iib -

!,•),.,-...,d,3n~vin the, oprobite• dirc•..:.flon In the solution to•. tho, r,omp,.e-

our ,{,e.r~-AA.. az. exiijbiteol In Rigure 3, with t4 he 42 and 33 At.y prob-

I?.ri• ww that w,• tould obtain ths optimal solution to each problem using alL

t.h*. . Bat th, empirica•l probability of finding them in this way was

qLxit -sm L', . We then vwfrified probabilistical. ' (see Seo.tion 5) that the bit

tour, wab optima&• by factoring them into subtours and showing that as sub-

problem, t heoe subtours had empirio.a), probability of .1 or greater of being

pik.bd u!p by Cc'tý 1,

')ur rjý.., Ad,?,a was to have the .,omputer do the faftoring of the problem,

an, "-;s: de s ribe how it. did that in the next aertion,

'r , :I~ IANfG, AIJJJITHMN -XDF L?

wzu' cess )-n faotoring problems aft-er making some initial runs with

,ovt "., •!bough oatisfa.tory, was t) nw o•onsuming, and led us to incorporate

th• fa,:rr.,mg p~ocEdure into the code.. The result Ia Code 2 to be described

nfe t. e'i , a .ode. that has "earning aspewts in that the results of varly

,;ovpat. cIf ihe program Ieflne the subproblems chosen to be worked later

in ,,ro, detaiJ. Of couarse., both zorrept and incorrect learning are possible-

The , gw I't: ha, we thti developed ir one that stops after a finite number of

8tt p5 aaO prlrt-h out a .our that may or may no% be optimal,. Our experience.

slwhwý -.h,, it hui. posltjv" r•obability of finding the optimal tour which de,-

rz~'ipi r the -.:ii of t he problem being worked and on the number of random

tr.s th: na4,• lI permitt~d to make (ioe., the experience it is allowed to

haeR) be.-ore being required to define subproblems to be worked on, To describe

jutit, one ,meri~tal result with Code 2 we found that in the 42 city problem the



algoritih found the correot answer after making 5 cuts, ioe., it defined

6 subproblemsý The ý,ut6 -an be observed in &Xhiblt D., Other results wi1Y 1:16

discussed 'later.

We dea<.ribv in znort. delaiU thl a.•gorlthm for Code 2 whih includes th*,

allgorlthms previously deszribed in Sections 2 and 3..

0. Read initial data.

1 Choose two U4 cities, x and y', at random from among the list of

possible c31ies-,

2, ýliminate the hlk -1tieob from the liti.. Then put the remaining ci-~e

in random order

3, Using the link citieia x and y. as the initial azyclic permutation on

2 cities, use the algorithm of Sec4.iUn 2 to *.onstruct a permutation on n ties

and compute the length of the tour,

Go back to 2; and .onstrvl- a new permutation Compare each time wi~b

the previous shortest. tour found. saving the best, one observed in k trials•

where the value of k J -&ad in as data. or else k is chosen to be a nu.1-

tiple of n. For instanl, k - 50 or 15 or k - 2n are typical values we

used,

5 Print the best tour found ;n k loops.,

6. Find a ,.Ity on the diamet.tr of txh best, tour as follows: Choose any

vity, a, at randomt find the dity, b, on the tour that is CArth•ht from

at then find the cityý c, on the tour that is fartiusat from b, Select c'

as the diameter city.. (rhi;s pro,;aes zould be repeated more often, but woul.l

cycle,. The not effect Is 1oo get a city on the tour that is "far away" from

the "center" of the problem.

7. Define a convex subproblem, To describe how we do this, let us assume

that diameter city a is also i.l the 10 h city on the best tour found in 4,



, I.- -

Uc -,ov cw- thtc dijtant d irom. i 0 o 1 Nzxt we compute theditn

11 fr,-m atci, a(ý whfother It g re'ater than cnr equal. to dý Tn

in .s1 r:.~#~ by d' tLrid &c., on, Next we ;ýompute the distante d!

ro 01 1 : J.ari nmdke4 tfte- ýiame oompariaur- replacing d by Keý14s d1iutarl-v

*.LOIt~ ir , th.J, pro, týe- aci bong as ff (;ontin'lis Lo in,&.r~ase,. Q)n-e d ar

to ~ ~ m drz w ont:.rnow thf. proreeds og~ Iong ati d continu.es to decrease, an-4

ttvrria:iatý ýt aus tion a~i 4 ztarts to inc.rease again. Thusý If the optimal

tour 4ý'on,,iets of points on a ~i4ewe would in~1ude. the whole problem as a

34bprablem Bu, Uf ý'A( opt.urmal tour were in tho sliape of an hour glassp as

in Figurt i, , we woulA cut, oft co" Lobe of k~t f., U Lustrations of subprot--

l-zs defint-d by, th-e pro-ram are~ shown Jn Z7xh~bits C,, L, and &~ The raadetr'

notý tin t hcics fi ureoi that the renult:k-zg subproblems3 are riot always convex in

the sitrict matn,-ati~Ža1 senae. Howevt~r. the resu.lIting, su~bproblems~ are ~stf-

f J- £Jmta~ Amip- e ftee our a1lgor).thm tc, solkvri Fasil2y, whirbh is aý.L that is de,3)red-.

8 , 0te thýA ýonvex subproblemr Is df..Lwe print out, Uv partial answir.,

If thi. icnire- siLtProTlam lný,Iudes all. the .iJsof the origina problem wcý

srop L.hc pl'"orlati If 'the, subproble-z does riot ini.,ude al-I the 4Uties on the

-i. .wtý -,wt up a newý prob~m, that t!:)sists of al". t-he it not ýýncl uded in

thf. 'ron.tx pro'i1#dex pr~inted out: &Et.O2'Tiain th~v 2$rV -. itis x and y ýbein&

eaeul;-rut t~orilr of th~estk Atlas in thp nionsyimmetric cas') and go ba-.k

to 2.-Sývý a P'riita number of ci~tiA.t are m-moved each time the cities of a

3ubrcb~:are~ i e'EtLd from the list off remain-ing cities,, this process wil.

st f3Lj:; vý a fini-ie number Of 3ttdps

rir znotftor version of the prograin we. einplyed "double-cutting," that ia,

r~n'v~n ~ ub;~~l'ra rom both ands of tha niam~neter of the partial tour chosen

li- 6, T1~ . proý:'-ee i-orIad re~asonxably well bLut necessitated a longer learning

loop in ý- to be ý-ertain that both endn of the periphery of the tour woret correct.



Thare wa.9 a utst saving of rompvtationa!ý ItM1.. nowever

It, should be obvious to the read#-v that 1hv proLraw we hav,_ out.lJfjed wa

devised by looking at geomet.rical, hence: -3yf- tri c and tu% Uldaan, ýirokiij,)mn

"•evertheles., the pro'ra~an is entlrely ir ith,,,., ýaJ in naturo, ind tht. iinited

experience we have r-aoi with perhaps 5 i,-,:.nsyr-•tr, probiemt. IndicatEd that 1',

works ror theso problvmno 'i ell,. Hiw.-.!.r, r Ie )1at.e., r ,!Jiusloni, x• highly

tentat.ive and xieo- a ;:ooa d~al of tur[l~tr i3-.uy aMd perhrifcta1ior ,,rf- It

can be firmly awitkried..

ular experiencoe with th4 wari.ous .*)Ap.&* :-robXLms is shown in Fig-re 5. The.

actuaL ,utv mi4do by th• machinu are srBrwr daihed in xhlbits A-F- In F1ur, 5

we, have indirated the exprienqe both wito a-,id withoult the double-cutting fea

Of these problems the 5 and lu city problems were -ompletely trivial t o

volvev rhe 33 city problem was in•eresting Jin that the program (with tin'ea cut-

ting>,, had mistakes In its initial guessax tbat were nol. corrected u(it il the last

cut was mada. In the 42 city problem Mwith mingle-cuiting), thie program antually

obtained the correct answ;ir after the fiest tut, so that doubtleas3 a shorter

learning loop would also have produce3d the correct answor. :1ote that double-

cutting almost halved the time needud to solve tnis problem. The answers shown

to these four probleras have been proved to be the optimal answers by various

people [2, 31.

By far the most difflcuult problem Is tha 57 vity problem, the data for

which was obtained from 'he tiand-McNallr 1962 road atlas of the United States.

On some initial runs of the problem we obtained a tour that had length 12,9b6

miles .eown in &xhibit F, The b9st answer tAt -we found is that shown In •

hibit E whith has length 12485 mil.es. C: :thovgh these two tours Agree pý'estty

weli around the periphery* they are ,ul te d fferent in the mlddlewebot All an-

swer to this prob,-tm that is 30 mi0AX shorter has been obtairnd by Gordon and S



1.of~ Ciie 10 5-
.Length of Learning I -
Loop, Code 2 (singl i 10 20 50 150
jcwt t•i' 5 5

'umber of-U 0 u-1l . 25 , I

Length of Learring
Loop, Cod, 2 (.double
ýu!U rig)- 211 3n

ý'uber of ,,ut.i: -

4:27 16:56

Ectimated Time

Additional euts were madeQ but not needed

The answer wat the same at In 6xhibit f exept for the mistake in the
NIortheast,, dis,.ussed In Section 5,

Figure

Reiter (private communication). In spite of repeated attempts our program

has never produced their solutloný the probable reasons for this are dis-

cuised in Section 6. It should be noted that their procedure requires

several dayo of computation to obtain suah an answer, so that in terms of

zzost of computation the answer in 1Sxkvibit S is still probably preferable.

In addition to the experience already discussed we have made several

runn on larger problems with randomly generated data of dimensions as high

as 90 x 90, Although the program works for such problems we have no way

of comparing how good the answers are with any other standard so that we

eh-i--' not report on such sxperienco hvreo



5 ,LCK-GG (ýF

One mothod fo~r '~e~gthfý op u~ f proposqu an,,wors 'o avollng

iialesman prcb-temin, has bor givf.ri by baa'-7g. Pulkerton, andJ ohnnrmn L21,, TPhaxi

rn.-thod i~s, of.' *ourti.. at11".Able ýo th-.~ anvvara wlhi~rt our program g'ivniu

We propose hvrti t 7rioifktvI t"r z.heyzkiriy en Lhef aucuL~a,:j , hof

re~ufll, Our mo.4*-! if!' 11hct w~r'r> tv'jtj mnodel in v-hish t~here are tw-

obnservirg ii trz u - wht-'rA tir:..ýr4La of ~A sil."1A388 oach

.- ...........

100 tJ 1_1'j22 )2 8 7ý

Q50" 12 "4',1 1 21 62~.M 385 *76 8 0 24 9 1 )9

2219 34K'45,4ti .33jl l

Ftge t

Frora the table it o;an be seen thiat events of probab~I.U;Iy L` or greater are on-

sent~ially aerfaln of being cboer~ved In 5J tr-lini wnd e~vent,- of' probabi:Uity U5

or more are essentially cifrtalzI of boi-ng nbsmrvi-i in IO) Lriale. Okt owni phialoso-

phy to wo delete the wordi essontialljyl and regard these events as certain. Thi~s

iv an approximation,, and ou~r soilutionq are approximate in thisa probabii~stic sense.

levertheleas, ther% are several ways of' improving on tho tonfidence- that onle &ha.L

in the answer so obt.aintd., We. list some of these methods next,

,a) Run Code ,. sevora] t~imes to get differant ways of cuttinig the problem up

and different. answers,. Take thei be;t ansswor of these.
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(b) Cut hýe best answer maually .tQo 31bprobl!me that are d&fferent from

the orui that Code 2 used. Aoply Code I to th# subproblems.

(t.j Take adjacent 3ubprobhemc-,, iLe, onus that have a r;ommon kink and wric

pafrt' of them using Codce " to oo 41f tah.e ubproblems dscfino the same answer a4

that glin by Code ,

td" From Figure b it 1. b i, 4+iat4 tkht probability of the various

subproblimzu beAxig .orrked ,orrep.etly. by taking the product of these probabilities

it lu posulb.e to w',timatY thv probability -,f having found the tomplete tour at

random isIng Code I£ and thus get an idoia of how muth has been "learned" from the.

iuttint, and faýtorirng procediires of Code 2. Th. probability thus obtained is a

good unper estimate of the probability of finding the optimum tour, and can be used

to -stimattt the cost of getting a better tour than the one found so far.

(e) Of course, it is obvious tohat irng l.ong learning loops in Code 2 and re--

peating it a number of times will improve the reliability estimate that one 4an

put in the final best answer found by the algorithm.

We do not claim that our program is infallible, but rather that it gives good

answers in a computationally feasible amount of compuLer timer For instance, a

better tour (39 miles shorter) in known for the 57 city problem than any that our

programs found. An explanation of the failure. of our program to find the better

ono may be found by examining the nine :ity su~problem consisting of the cities

34o 14 ', 6. 36, 39t 19, 3, and 56 in the nortinastern part of the United States

(seaa *xhibits - and F), The optimum tour and another tour that is 147 miles

longer are the two most probable tours chousn by o'mr heuristic. The relative

probabilities of choosing these tours, obtained by rminL Code I .50W times

on this subproblem are shown in Figure Io
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Tour Observe!, Probabi)ity

405 ,

Thus the non-optimal tour Is ¶t•wi as 'probable as tha optimal tour, and actually

will be chosen about 40 perrant of the tlm.i.: it happened In many of the runs Ihat

we made that the best. tours found would contain the non-optimal tour in the north-

east, and this error being on the periphery of the best tour observed caused dif-

ficulties, particularly when double-cutting was used. This tendency of our pro-

gram to choose highly probable schedules, relative to the heuristic used, consti-

tutes a weakness of the method. It is undoubtedly for this reason that we were

unable to observe the Gordan-4:iter tour which was 30 miles shorter, i.., the

tours in J!xhibits & and F were probably chosen much more often by the algorithm,

and the shorter tour is extremely unlikely to be observed in the relatively short

amounts of computer time we used, as compared to the times employed by Gordan and

Reiter.

6. PROOF THAT THS OPTIMAL Tulh CAh &3; CdUS$ 1h THS £UCLIDS,, CASS

In the Suclidean case it io well-known that an optimal tour can never cross

itself. This follows from the triangle inequality., for if a tour is used that

crosses itself then it Is easy to see how to pull it away at the crossing point

and shorten the tour.

Now consider an optimal tour T in an n-city travelling salesman problem

in the euclidean planet. We first show that the interior of the tour T can be
triangulated by means of Line segments lying completely in the interior of Tn

For instance, in Figure 8 we IlAust•cate an eight city optimal tour that is so

triangulated
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Figure 8

The line segments in the Interior of the tour are shown dashed. Note that the

inside of the tour has been %sAe toA. L1.ios.

To prove that this can always be done, observe that it Is vacuously true for

T,, and the only two possible cases for T4 are shown in Figure 9, Now assume

that all tours Tn-1 on n-1 cities can be so triangulated. Consider an optimal

Figure 9

tour Tn for n cities. Choose a vertex, call it ii, at which the angle

formed by the two edges of the tour that meet at iA and which points into the

interior of the tour, is lses than 180 . Consider the cities i2 and in-1

which are adjacent to I., in the optimal tour. as shown in Figure 10. We have

"two cases: (a) the line segment joining i1 and in-_ lies entirely inside the

tour; or (b) the line segment does not lie entirely within the tour. In case

(a) we include the line segment from 12 to in-1 as part of the triangulation,



that
and now the tour~bypasses 6 by making usiv of this Line segment, consists of

/•l. "

Figure 10

n-1 citles0 This tour must be optimal for that problam or else the original

tour on n zities could be shortened. Hence by the induction assumption the

remaining tour can be triangulated, giving a triangulation of T , In casen

(b), there must be a city, call it i 3, in the interior of the triangle formed

by il, i2, and inol, We now consider the line sement from il to i3.

Either it lies completely inside Tn or else there is another city 1± in side

the triangle formed by il* 122 and 1,. Continuing in thin way we eventually

find (since there are only a finite number of cities) a line segment from II

to some other city on the tour, say 'k , and which lies entirely inside the opti-

mal tour T . This line segment divides T into two sub-tours each involvingnn

fewer than n cities. Hence by the induction assumption these two sub-tours

can be triangulated, and these give a triangulation of Tn.

By the same kind of inductive argument, it can be shown that n-3 interior

segments will be needed to perform the triangulation. It cani also be shown that

there ia at least one vertex that has no interior segment connectod to it, suth



as vertex I in Figurb S.

To demonstrate that there in a random order of the cities that will make

the heuristic produce the optimal tour., we consider a triangulation of the opO.-

meal tour Tn . Phmeber the cities so that aity I is a vertex having no interior

segment of the triangulation connev'ted to It (as in Figure 8), and assume that

the other cities are numbered in order around the tour Then, necessarily be-

cause we have a triangulation,, ci ties Z and n wl!A be *,onnectad by an, interior

segment (k and 8 in Figure 8)., Hente we make cities 1 and 8 be the first two

cities considered by the algorithm, and cJty 2 the next one on the list. The

segment from 2 to n will be the base of one of the triangles of the triangu-

lationý let the next city on the list be the city at the peak of that trianglaq

etc. For instance, in Figure 8 we let cities I and 8 be the initial cities, and

introduce the other cities in the order 2, 3, 7, 4, 5, and 6. The algorithm

given in Section 2 will then produce the optimal tour 1, 2, 3. 4, 5, b, 7, b, as

the reader can easily check., Thus for every different triangulation of the opti-

mal tour. we get a different initial list that will produce the optimal answer.

There are other initial lists which will also produce the optimal tour, for in-

stance the list L, 8, 5. 4, 6., 3, and 7 in Figure S.

At present, we do not have a proof that for non-euclidean problems there is

an initial list which will produce the optimal tour, hevertheless, our experi-

ence leads us to conjecture that such is possible,
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Exhibit A

CITY' OPTIMAL ~TOU

Distance i48

2 14

5

Exhibit B

3.0 CIT! OPTIMAL ~
Distance 378

7 8

5
- 9

1 ~10.
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E/hibit G
List

33 City Problem

1. 'Chicago, Ill. 17. Wichita, Kan.

2. Indianapolis, Ind. 18. Amarillo, Tex.

3. Marion, Ohio 19. Truth or Consequences, N. Mex.

4. Erie, Penna. 20. Manuelito, N. Mex.

5- Carlisle, Penna. 21. Colorado Springs, Colo.

6. Wana, West Virginia 22. Butte, Mont.

7. Wilkesboro, N. C. 23. Lewiston, Ida.

8. Chattanooga, Tenn. 24. Boise, Idaho

9. Barnwell, S. Car. 25. Twin Falls, Ida.

10. Bainbridge, Ga. 26. Salt Lake City, Utah

11. Baton Rouge, La. 27. Mexican Hat, Utah

12. Little Rock, Ark. 28. Marble Canyon, Ariz.

13. Kansas City, Mo. 29. Reno, Nev.

14. La Crosse, Wis. 30. Lone Pine, Calif.

15. Blunt, S. Dak. 31. Gustine, Calif.

16. Lincoln, Neb. 32. Redding, Calif.

33. Portland, Ore.



Exhibit H
List

42 City Problem

1. Manchester, N. H. 22. Denver, Colo.

2. Montepelier, Vt. 23. Cheyenne, Wyo.

3. Detroit, Mich. 24. Omaha, Neb.

4. Cleveland, Ohio 25. Des Moines, Iowa

5. Charleston, W. Va. 26. Kansas City, Mo.

6. Louisville, Ky. 27. Topeka, Kans.

7. Indianapolis, Ind. 28. Oklahoma City, Okla.

8. Chicago, Ill. 29. Dallas, Tex.

9. Milwaukee, Wis. 30. Little Rock, Ark.

10. Minneapolis, Minn. 31. Memphis, Tenn.

11. Pierre, S. D. 32. Jackson, Miss.

12. Bismark, N. D. 33. New Orleans, La.

13. Helena, Mont. 34. Birmingham, Ala.

14. Seattle, Wash. 35. Atlanta, Ga.

15. Portland, Ore. 36. Jacksonville, Fla.

16. Boise, Idaho 37. Columbia, S. C.

17. Salt Lake City, Utah 38. Raleigh, N. C.

18. Carson City, Nev. 39. Richmond, Va.

19. Los Angeles, Calif. 40. Washington, D. C.

20. Phoenix, Ariz. 41. Boston, Mass.

21. Santa Fe, N. Mex. 42. Portland, Me.



Exhibit I
List

57 City Problem

1. Akron, Ohio 29. Los Angeles, Calif.
2. Atlanta, Ga. 30. Louisville, Ky.
3. Baltimore, Md. 31. Memphis, Tenn.
4. Birmingham, Ala. 32. Milwaukee, Wis.
5. Bismarck, N. Dak. 33. Mpls, St. Paul, Minn.
6. Boston, Mass. 34. Nashville, Tenn.
7. Buffalo, N. Y. 35. New Orleans, La.
8. Cheyenne, Wyo. 36. New York, N. Y.
9. Chicago, Ill. 37. Omaha, Nebr.

10. Cincinnati, Ohio 38. Peoria, Ill.
11. Cleveland, Ohio 39. Philadelphia, Pa.
12. Columbus, Ohio 40. Phoenix, Ariz.
13. Dallas, Tex. 41. Pierre, S. Dak.
14. Denver, Colo. 42. Pittsburgh, Pa.
15. Des Moines, Iowa 43. Portland, Ore.
16. Detroit, Mich. 44. Raleigh, N. C.
17. Evansville, Ind. 45. St. Louis, Mo.
18. Ft. Wayne, Ind. 46. Salt Lake City, Utah
19. Harrisburg, Pa. 47. San Francisco, Calif.
20. Helena, Mont. 48. Seattle, Wash.
21. Houston, Tex. 49. Spokane, Wash.
22. Indianapolis, Ind. 50. Springfield, Ill.
23. Jackson, Miss. 51. Springfield, Mo.
24. Jacksonville, Fla. 52. Tampa, Fla.
25. Jefferson City, Mo. 53. Toledo, Ohio
26. Kansas City, Mo. 54. Topeka, Kans.
27. Lansing, Mich. 55. Tulsa, Okla.
28. Little Rock, Ark. 56. Washington, D. C.

57. Wichita, Kans.



Ebchibit J

Data for the Five City Problem

Source: Hypothetical Example

1 0

2 30 0

3 26 24 0

4 50 40 24 0

5 40 50 26 30 0

Exhibit K

Data for the Ten City Problem

Source: L. L. Barachet,
'TGraphic Solution of the

Travelling Salesman Problem,"
0. R- 5(1957) 841-5

1 0

2 28 0

3 57 28 0

4 72 45 20 0

5 81 54 30 10 0

6 85 57 28 20 22 0

7 80 63 57 72 81 63 0

8 113 85 57 45 41 28 80 0

9 89 63 40 20 10 28 89 40 0
10 80 63 57 45 41 63 113 80 40 0
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EXHIBIT N

Data for the 57 City Problem

1 0
2 678 0 Source: Rnd-Ickallv Road 38th Edition, Rand-McNally Company: 1962

3 331 675 0

4 702 152 791 0

5 1210 1523 1531 1475 0

6 655 1074 399 1190 1818 0

7 210 881 364 900 1377 447 0

8 1334 1457 1655 1365 580 1942 1497 0

9 364 702 685 653 853 994 527 968 0

10 227 454 498 475 1187- 869 425 1188 324 0

11 33 695 351 714 1187 631 186 1311 341 239 0

12 121 554 395 584 1205 763 327 1248 359 106 140 0

13 1180 820 1422 665 1172 1821 1378 867 937 953 1254 1054 0

14 1380 1411 1631 1302 681 1997 1507 101 1013 1172 1366 1236 784 0

15 706 899 1027 823 672 1314 869 628 339 576 683 701 701 674 0

1-6.. -4"90, 09 511 730 1139 699 252 1263 293 255 167 185 1203 1318 635 0

17 452 414 723 365 1114 1107 649 1076 292 225 463 331 749 1030 505 442 0

'10 202 605 556 591 1021 843 398 1099 175 151 212 154 997 1149 471 158 284 0

L9 301 729 80 816 1501 398 284 1625 655 461 321 382 1436 1619 997 481 713 526 0

20 1806 2081 2127 2021 631 2414 1969 712 1449 1783 1783 1801 1577 811 1240 1735 1720 1617 2097 0

21 1283 842 1457 666 1414 1856 1481 1109 1091 1056 1295 1162 242. 1026 9431 1311 843 1128 1482 1819 0

22 291 510 568 487 1032 936 481 1079 184 109 295 173 881 1063 467 274 168 116 556 1629 1011 0

23 913 402 1038 247 1453 1437 1102 1278 753 677 916 783 411 1195 818 924 495 763 1063 1972 429 647 0

24 929 316 793 430 1839 1191 1083 1773 1027 776 960 859 1007 1727 1224 1031 739 927 865 2429 907 835 596 0

25 656 680 934 586 928 1338 896 801 393 468 710 538 562 755 271 634 298 476 921 1457 785 365 563 996 0

26 776 805 1053 713 789 1454 1009 652 504 596 823 658 495 606 206 775 424 587 1040 1308 737 485 664 1121 149 0

27 237 731 558 721 1089 845 405 1209 239 270 219 232 1146 1261 578 84 414 130 528 1681 1252 '246 893 1046 57.3 684 0

28 847 521 1089 393 1193 1488 1045 1049 650 620 859 735 333 965 576 871 416 681 1075 1712 441 565 260 822 366 404 811 0

29 2371 2215 2649 2063 1659 3042 2597 1169 2092 2182 2411 2246 1405 1157 1794 2363 2012 2175 2628 1234 1547 2073 1816 2416 1735 1568 2272 1695

30 338 396 609 371 1146 980 536 1170 298 111 351 218 851 1124 572 367 125 218 572 1743 945 114 575 721 392 518 348 518

31 717 382 950 254 1248 1350 906 1111 538 481 720 596 472 1048 605 719 277 561 936 1767 566 445 213 679 350 459 691 139

32 452 793 773 739 771 1060 615 1003 91 429 429 447 1010 1002 356 381 378 263 743 1367 1184 271 830 1109 465 550 327 723

33 769 1080 1090 1037 431 1377 932 800 412 746 746 764 953 846 253 698 687 580 1060 1027 1195 592 1051 1396 509 458 644 829

34 513 257 728 205 1265 1162 718 1206 448 293 532 398 694 1160 629 541 160 400 738 1862 7"8 297 403 573 423 554 530 361
35 1043 518 1145 354 1623 1544 1241 1369 930 816 1055 928 503 1287 1006 1071 669 943 1170 2076 358 827 187 565 760 834 1060 430

36 487 862 187 978 1691 216 445 1811 841 653 507 551 1605 1866 1183 667 882 712 186 2273 1644 724 1225 980 1089 1209 714 1273

37 841 1014 1162 917 584 1649 1004 493 474 698 818 755 663 539 135 770 621 606 1132 1072 905 589 868 1325 353 204 713 608

38 451 656 766 617 858 1102 657 869 155 323 471 380 805 910 253 423 260 242 785 1456 973 214 661 972 243 352 369 530

39 406 772 97 888 1610 304 366 1730 760 572 426 470 1524 1785 1102 586 801 631 105 2202 1554 643 1135 890 1009 1128 633 1193

40 2011 1833 2269 1678 1500 2682 2237 "920 1732 1824 2051 1886 1029 819 1441 2003 1652 1815 2268 1183 1156 1713 1440 2036 1375 1228 1912 1336

41 1127 1381 1448 1307 207 1735 1290 444 771 1104 1104 1122 965 522 492 1056 997 938 1418 739 1207 951 1258 1697 743 594 1002 998

42 105 714 230 751 1309 598 216 1429 459 284 125 182 1223 1484 801 285 509 330 200 1901 1326 356 956 897 720 840 332 899

43 2492 2682 2813 2572 1317 3100 2655 1207 2131 2395 2469 2455 2057 1285 1835 2421 2283 2303 2783 686 2235 2286 2468 2980 2008 1859 2367 2250

44 594 402 301 559 1794 701 616 1696 948 521 614 493 1224 1692 1090 774 671 638 376 2390 1225 629 806 492 960 1066 821 897

45 529 554 606 490 987 1239 797 906 294 340 611 411 643 860 335 512 170 354 794 1562 799 238 502 870 128 254 503 359

46 1792 1925 2113 1796 953 2400 1955 456 1425 1646 1769 1706 1253 507 1086 1721 1533 1557 2083 498 1428 1537 1664 2214 1260 1109 1667 1456

47 :2554 2543 2875 2391 1646 3162 2717 1220 2187 2408 2531 2468 1763 1264 1848 2483 2295 2319 2845 1137 1946 2300 2174 2779 2023 1871 2429 2023

48 2416 2691 2737 2631 1223 3024 2579 1279 2055 2393 2393 2411 2129 1357 1850 2345 2330 2227 2707 610 2307 2239 2540 3007 2067 1918 2291 2322

49 2128 2403 1449 2343 935 2736 2291 1023 1767 2105 2105 2123 1885 1101 1562 2057 2042 1939 2419 322 2141 1951 2252 2719 1779 1630 2003 2034

50 475 603 760 563 921 1138 696 902 193 301 510 365 744 873 293 459 212 276 821 1507 900 192 588 919 200 311 373 457

51 750 666 1027 538 964 1460 1018 827 515 563 832 632 422 764 347 733 391 579 1015 1483 645 459 489 968 140 175 724 229

52 1106 467 984 547 1991 1379 1260 1903 1169 921 1137 1022 1090 1833 1366 1177 "81 1072 1041 2555 980 978 679 200 1142 1244 1198 924

53 133 652 454 673 1089 741 296 1209 239 198 110 128 1149 1264 581 57 3"8 110 424 1681 1231 220 "67 974 586 693 104 785

54 839 868 1120 773 711 1517 1072 597 567 659 886 721 517 538 268 838 487 654 1103 1262 738 552 727 1164 208 63 747 467

55 931 809 1206 683 9Z2 1641 1199 770 696 744 1013 813 268 686 463 914 572 760 1196 1440 510 840 550 1112 321 257 905 290
56 331 637 38 753 1531 437 361 1655 885 492 351 395 1384 1710 1027 511 717 556 112 2127 1419 586 1000 755 934 1053 558 1051

51 971 922 1248 793 789 1649 1C204 595 699 791 1018 853 383 508 401 970 619 782 1235 1256 625 698 720 1211 344 195 879 460

1 2 3 4 5 6 7' 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 28 37 28



EXHIBIT N

(Continued)

Source: Rlan-NcNallv Road Atlas, 38th IditL*o. land-McNally Company: 1962

29 0
'30 2106 0

31 1825 379 0

32 2138 387 618 0

33 1942 706 838 330 0

34 2047 182 222 534 847 0

35 1905 712 400 1017 1238 530 0

36 2797 764 1134 929 1246 915 1332 0

37 1669 694 663 491 359 751 1038 1318 0

38 1940 326 448 227 423 407 842 971 375 0

39 2716 682 1054 848 1165 825 1242 92 1237 890 0

40 390 1746 1467 1778 1657 1689 1514 2437 1313 1580 2356 0

41 1556 1065 1053 700 393 1121 1415 1604 390 745 1528 1341 0

42 2429 395 760 547 864 562 1092 386 936 589 305 2069 1222 0

43 994 2377 2318 2053 1713 2413 2560 2959 1700 2076 2888 1273 1425 2587 0

44 2583 568 758 1036 1353 559 919 488 1213 838 398 2225 1711 451 3076 0

45 1842 264 289 367 549 300 689 962 453 174 885 1482 827 596 2113 832 0

46 731 1627 1535 1460 1231 1663 1756 2269 951 1327 2188 685 845 1887 807 2154 1363 0

47 405 2389 2153 2222 1993 2375 2264 3031 1713 2090 2950 791 1607 2649 689 2916 2125 762 .0

40 1170 2353 2377 1977 1637 2472 2632 2883 1682 2066 2812 1490 1349 2511 176 3000 2172 879 845 0

49 1246 2065 2069 1689 1349 2184 2398 2595 1394 1770 2524 1368 1061 2223 364 2712 1884 721 922 288 0

50 1899 279 375 265 486 359 769 1007 415 73 926 1539 785 548 2109 821 101 1360 2122 2117 1829 0

51 1634 485 284 588 600 447 659 1183 379 383 1102 1276 769 903 2034 1003 221 1251 1961 2093 1805 322 0

52 2489 864 785 1259 1547 724 646 1170 1448 1123 1080 2111 1838 1080 3103 682 1021 2340 2831 3165 2877 1070 1069 0

53 2282 310 665 327 644 484 1014 610 716 369 529 1979 10•2 228 2416 621 506 1667 2429 2291 2003 405 727 1120 0

54 1532 585 '522 612 521 620 902 1272 167 415 L191 1172 557 903 1801 1149 317 1049 1811 1872 1584 374 235 1307 756 0

55 1448 668 429 769 715 628 689 1364 395 564 1283 1093 765 996 1970 1187 402 1171 1776 2042 1762 503 181 1214 908 228 0
56 3649 598 912 773 1090 690 1107 225 1162 815 135 2289 1448 230 2813 263 806 2113 2875 2737 2449 851 1027 945 454 1116 1222 0

57 1393 713 532 745 653 703 834 1404 306 347 1323 1033 582 1036 1797 1251 449 1003 1721 1866 1578 506 248 1317 808 139 183 12"6

29 30 31 32 33 34 35 36 37 36 39 40 41 42 43 44 45 46 47 4" 49 50 51 52 53 54 55 56


